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Abstract 

We deal with eigenvalue problems for the Laplacian on noncompact Riemannian manifolds 
M of finite volume. Sharp conditions ensuring L q (M) and L°°(M) bounds for eigenfunctions 
are exhibited in terms of either the isoperimetric function or the isocapacitary function of 
M. 



1 Introduction 



We are concerned with a class of eigenvalue problems for the Laplacian on n-dimensional Rie- 
mannian manifolds M whose weak formulation is: 



(1.1) 



(Vu,Vv)dn n (x) =j uvdH n (x) 



M 



M 



for every test function v in the Sobolev space W 1,2 (M). Here, u G W 1,2 (M) is an eigenfunction 
associated with the eigenvalue 7 £ R, V is the gradient operator, T~L n denotes the ra-dimensional 
Hausdorff measure on M, i.e. the volume measure on M induced by its Riemannian metric, and 
(• , •) stands for the associated scalar product. 

Note that various special instances are included in this framework. For example, if M is a 



complete Riemannian manifold, then (1.1) is equivalent to a weak form of the equation 



(1.2) An + 7ii = on M. 

In the case when M is an open subset of a Riemannian manifold, and in particular of the 



Euclidean space M n , equation ( 1.1 ) is a weak form of the eigenvalue problem obtained on coupling 



equation (1.2) with homogeneous Neumann boundary conditions. 



Mathematics Subject Classifications: 35B45, 58G25. 

Key words and phrases: Eigenfunctions, Laplacian, Riemannian manifold, isocapacitary inequalities, isoperimetric 
inequalities. 



2 



It is well known that quantitative information on eigenvalues and eigenfunctions for elliptic 
operators in open subsets of Euclidean space M. n can be derived in terms of geometric quantities 
associated with the domain. The quantitative analysis of spectral problems, especially for the 
Laplacian, on Riemannian manifolds is also very classical. A great deal of contributions to this 
topic regard compact manifolds. We do not even attempt to provide an exhaustive bibliography 
on contributions to this matter; let us just mention the reference monographs [Cha, BGM], and 
the papers [B7 ^ IB71 iBD l IChe l ICT^ 

The present paper focuses the case when 

M need not be compact, 

although 

n n (M) < oo, 

an assumption which will be kept in force throughout. We shall also assume that M is connected. 

We are concerned with estimates for Lebesgue norms of eigenfunctions of the Laplacian on 
M. When M is compact, one easily infers, via local regularity results for elliptic equations, 
that any eigenfunction u of the Laplacian belongs to L°°(M). Explicit bounds, with sharp 
dependence on the eigenvalue 7, are also available \SS \ iSZj , and require sophisticated tools from 
differential geometry and harmonic analysis. If the compactness assumption is dropped, then 
the membership of u in W 1,2 (M) only (trivially) entails that u £ L 2 (M). Higher integrability 
of eigenfunctions is not guaranteed anymore. 

Our aim is to exhibit minimal assumptions on M ensuring L q {M) bounds for all q < 00, or 
even L°°{M) bounds for eigenfunctions of the Laplacian on M. The results that will be presented 
can easily be extended to linear uniformly elliptic differential operators, in divergence form, with 
merely measurable coefficients on M. However, we emphasize that our estimates are new even 
for the Neumann Laplacian on open subsets of W 1 of finite volume. 

The geometry of the manifold M will come into play through either the isocapacitary function 
um, or the isoperimetric function Am of M. They are the largest functions of the measure of 
subsets of M which can be estimated by the capacity, or by the perimeter of the relevant subsets. 
Loosely speaking, the asymptotic behavior of vm an d Am at accounts for the regularity of the 
geometry of the noncompact manifold M: decreasing this regularity causes vm{ s ) an d Am(s) to 
decay faster to as s goes to 0. 

The inequalities associated with vm and Am are called the isocapacitary inequality and the 
isoperimetric inequality on M, respectively. Thus, the isoperimetric inequality on M reads 

(1.3) A M (H n (E)) < P{E) 

for every measurable set E C M with H n {E) < U n (M)/2, where A M ■ [0,U n (M)/2] -> [0,oo). 
In the isocapacitary inequality that we are going to exploit, the perimeter on the right-hand 



side of (1.3) is replaced by the condenser capacity of E with respect to any subset G D E. The 



resulting inequality has the form 

(1.4) u M (n n (E))<C(E,G) 

for every measurable sets E C G C M with H n (G) < U n (M)/2. Here, C(E,G) denotes the 
capacity of the condenser (E;G), and vm '■ [0,% n (M)/2] — > [0, 00] (see Section [3] for precise 
definitions). 

Introduced in |Malj . the isoperimetric function Am has been employed to provide necessary 
and sufficient conditions for embeddings of the Sobolev space W 1,1 (M) when M is a domain 
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in R n |Mal| . and in a priori estimates for solutions to elliptic boundary value problems |Ma2} 
Ma6j . Isocapacitary functions were introduced and used in [Malj IMa31 IMa4| IMa5[ IMa7j in the 
characterization of Sobolev embeddings for W 1,P (M), with p > 1, when M is a domain in M. n . 
Extensions to the case of Riemannian manifolds can be found in |Grl| IGr2| . 

Both the conditions in terms of vm, and those in terms of Xm, for eigenfunction estimates in 
L q (M) or L°°(M) that will be presented are sharp in the class of manifolds M with prescribed 
asymptotic behavior of vm and Am at 0. Each one of these two approaches has its own advan- 
tages. The isoperimetric function Am has a transparent geometric character, and it is usually 
easier to investigate. The isocapacitary function can be less simple to compute; however its use 
is in a sense more appropriate in the present framework since it not only implies the results in- 
volving Am> but leads to finer conclusions in general. Typically, this is the case when manifolds 
with complicated geometric configurations are taken into account. 

As for the proofs, let us just mention here that crucial use is made of the isocapacitary 
inequality (1.4) applied when E is any level set of an eigenfunction u. Note that customary 
methods, such as Moser iteration technique, which can be exploited to derive eigenfunction 
estimates in classical situations (see e.g. |Sa| ) . are of no utility in the present framework. In fact, 
Moser technique would require a Sobolev embedding theorem for W 1,2 (M) into some Lebesgue 
space smaller than L 2 (M), and this will not be guaranteed under the assumptions of our results. 

The paper is organized as follows. The main results are stated in the next section. The 
subsequent Section [3] contains some basic definitions and properties concerning perimeter and 
capacity which enter in our discussion. In Section [4] we analyze a class of manifolds of revolu- 
tion, which are used as model manifolds in the proof of the optimality of our results and in some 
examples. In particular, the behavior of their isoperimetric and isocapacitary functions is inves- 
tigated. Proofs of our bounds in L q (M) and in L°°(M) are the object of Section [5] and Section 
[6j respectively, where explicit estimates depending on eigenvalues are also provided. The final 
Section [7] deals with applications of our results to two special instances: a family of manifolds 
of revolution whose profile has a borderline exponential behavior, and a family of manifolds 
with a sequence of clustering mushroom-shaped submanifolds. In particular, the latter example 
demonstrates that the use of vm instead of Am can actually lead to stronger results when the 
regularity of eigenfunctions of the Laplacian is in question. 



2 Main results 

Our results will involve the manifold M only through the asymptotic behavior of either vm, or 
Am at 0. They are stated in Subsections |2.1| and |2,2[ respectively. 

Although the criteria involving Am admit independent proofs, along the same lines as those 
involving vm, the former will be deduced from the latter via the inequality: 

(2.1) f\ < / for S e(0,^(M)/2), 

which holds for any manifold M (see the proof of [Ma7, Proposition 4.3.4/1]). Let us notice that 



a reverse inequality in (2.1) does not hold in general, even up to a multiplicative constant. 

The proofs of the sharpness of the criteria for A m and vm require essentially the same con- 
struction. We shall again focus on the latter, and we shall explain how the relevant construction 
also applies to the former. 
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2.1 Eigenvalue estimates via the isocapacitary function of M 

We begin with an optimal condition on the decay of vm at ensuring L q (M) estimates for 
eigenfunctions of the Laplacian on M for q 6 (2,oo). Interestingly enough, such a condition is 
independent of q. 

Theorem 2.1 [L q bounds for eigenfunctions via i/jy] Assume that 
(2.2) lim S , ; = . 



lim 

s^O U M {S) 

Then for any q £ (2, oo) and for any eigenvalue 7, there exists a constant C = C(z/j\/, q, 7) such 
that 

(2-3) \W\\li(m) < C\\u\\ L 2 {M) 

for every eigen] 'unction u of the Laplacian on M associated with 7. 



An estimate for the constant C in inequality (2.3) can also be provided - see Proposition 
5.1 Section [5] 



Let us note that condition (2.2) turns out to be equivalent to the compactness of the em- 
bedding W 1,2 {M) — > L 2 (M) [CM]. Hence, in particular, the variational characterization of the 
eigenvalues of the Laplacian on M entails that they certainly exist under (2.2). 



Incidentally, let us also mention that, when M is a complete manifold, condition (2.2) is also 
equivalent to the discreteness of the spectrum of the Laplacian on M |CMj . 

The next result shows that assumption (2.2) is essentially minimal in Theorem 2.1 in the 
sense that L q {M) regularity of eigenfunctions may fail under the mere assumption that 

vm{s) ~ s near 0. 

Here, and in what follows, the notation 

(2-4) fng 

for functions /, g : (0, 00) — > [0, 00) means that there exist positive constants c\ and C2 such that 
(2.5) cig{cis) < f(s) < c 2 g(c 2 s) for s > 0. 



Condition (2.5) is said to hold near 0, or near infinity, if there exists a constant sq > such 
that (2.5) holds for < s < so or for s > sq, respectively. 

As in (2.2), all criteria that will be presented are invariant under replacement of vm or Am with 
functions ~ near 0. 



Theorem 2.2 [Sharpness of condition (2.2)] For any n > 2 and q G (2, 00], there exists an 
n- dimensional Riemannian manifold M such that 

(2.6) v M (s) 7n s nearO, 

and the Laplacian on M has an eigenfunction u ^ L q (M). 

The important case when q = 00, corresponding to the problem of the boundedness of 
eigenfunctions, is not included in Theorem |2.1| This is the object of the following result, where 



a slight strengthening of assumption (2.2) is shown to yield L°°(M) estimates for eigenfunctions 
of the Laplacian on M. 
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(2.7) 



< oo . 



Theorem 2.3 [Boundedness of eigenfunctions via vm\ Assume that 

f ds 
Jo vm(s) 

Then for any eigenvalue 7, there exists a constant C = C{vMil) suc h that 

( 2 - 8 ) \\ u \\l°°{m) < C|MIl 2 (m) 

for every eigenf unction u of the Laplacian on M associated with 7. 

An estimate for the constant C in inequality (2.8) is given in Proposition 6.1, Section[6| 

Condition (2.7) in Theorem 2.3 is essentially sharp for the boundedness of eigenfunctions 
of the Laplacian on M. In particular, it cannot be relaxed to (2.2), although the latter ensures 
L q (M) estimates for every q < 00. Indeed, under some mild qualification, Theorem 2.4 below 
asserts that given (up to equivalence) any isocapacitary function fulfilling (2.2) but not (2.7), 
there exists a manifold M with the prescribed isocapacitary function on which the Laplacian 
has an unbounded eigenfunction. 

A precise statement of this result involves the notion of function of class A2 . Recall that a non- 
decreasing function / : (0, 00) — > [0, 00) is said to belong to the class A2 near if there exist 
constants c and so such that 



(2.9) 



/(2s) < c/(s) if < s < s . 



Theorem 2.4 [Sharpness of condition (2.7) ] Let v be a non- decreasing function, vanishing 
only at 0, such that 



lim 



but 



u(s) 
ds 



0, 



v s 



00 , 



Assume in addition that v G A2 near 0, and that either n > 3 and 



(2.10) 



"00 

n— 2 
S n 



a non- decreasing function near 0, 



or n = 2 and there exists a > such that 



(2.11) 



a non- decreasing function near 0. 



Then, there exists an n-dimensional Riemannian manifold M fulfilling 

(2.12) vm(s) ~ v{s) nearO, 

and such that the Laplacian on M has an unbounded eigenfunction. 



Assumption (2.10) or (2.11) in Theorem 2.4 is explained by the fact that, if M is compact, then 
(2.13) 



vm{s) 



• n-2 
S 'i 



(logi) 



n- 1 



if n > 3, 
if n = 2, 



near 0, and that vm{s) cannot decay more slowly to as s — > in general. The assumption that 
v € A2 near is due to technical reasons. 
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2.2 Eigenvalue estimates via the isoperimetric function 

The following criterion for L q {M) bounds of eigenfunctions in terms of the isoperimetric function 



Am can be derived via Theorem 2.1 and inequality (2.1) 



Theorem 2.5 [L q bounds for eigenfunctions via Am] Assume that 

s 



(2.14) 



lim - = . 
s->0 Am(s) 



Then for any q G (2,oo) and any eigenvalue 7, there exists a constant C = C(Am,9,7) such 
that 

( 2 -15) \W\\li(m) < C\\u\\ L 2 {M) 

for every eigen] 'unction u of the Laplacian on M associated with 7. 



An analogue of Theorem 2.2 on the minimality of assumption (2.14) in Theorem 2.5 is contained 



in the the next result, showing that, for every q > 2, eigenfunctions which do not belong to L q (M) 
may actually exist when 

Am(s) ~ s near 0. 



Theorem 2.6 [Sharpness of condition (2.14)] For any n>2 and q £ (2, 00], there exists an 
n- dimensional Riemannian manifold M such that 

(2.16) Am(s) ~ s nearO, 

and the Laplacian on M has an eigenfunction u ^ L g (M). 



Laplacian on M follows from Theorem 2.3 and inequality (2.1). 



A condition on Amj parallel to (2.7), ensuring the boundedness of eigenfunctions of the 



Theorem 2.7 [Boundedness of eigenfunctions via Am] Assume that 

s 



(2.17) 



ds < 00 . 



10 Am(s) 2 

Then for any eigenvalue -y, there exists a constant C = C(Xm,j) such that 

( 2 -!8) ||n|| L oo ( M) < C\\u\\ L 2( M) 

for every eigenfunction u of the Laplacian on M associated with 7. 



Our last result tell us that the gap between condition (2.17), ensuring L°°(M) bounds for 



eigenfunctions, and condition (2.14), yielding L q {M) bounds for any q < 00, cannot be essentially 
filled. 



Theorem 2.8 [Sharpness of condition (2.17) ] Let X be a non- decreasing function, vanishing 
only at 0, such that 



lim — - 

s^o A(s) 



0. 
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but 

s 



X(s 



ds = oo . 



Assume in addition that 



X(s) 

(2.19) w _ 1 ~ a non-decreasing function near 0. 

s~^~ 

Then, there exists an n- dimensional Riemannian manifold M fulfilling 

(2.20) Am(s)~A(s) nearO, 

and such that the Laplacian on M has an unbounded eigenf unction. 



Assumption (2.19) in Theorem 2.8 is required in the light of the fact that 



n-l 



(2.21) X M (s) » s— near 

for any compact manifold M, and that Xm(s) cannot decay more slowly to as s — > in the 
noncompact case. 

3 Background and preliminaries 

Let E be a measurable subset of M. The perimeter P(E) of E is defined as 

P{E) = H n - 1 (d*E), 

where d*E stands for the essential boundary of E in the sense of geometric measure theory, 
and % n_1 denotes the (n — l)-dimensional Hausdorff measure on M induced by its Riemannian 
metric ( |AFP[ IMa7| ). Recall that d*E agrees with the topological boundary dE of E when E 
is sufficiently regular, for instance an open subset of M with a smooth boundary. In the special 
case when M = O, an open subset of W 1 , and E C Q, we have that P(E) = U n - l {d^ n E n 0), 
where d^ n E denotes the essential boundary of E in M n . 
The isoperimetric function Am of M is defined as 

(3.1) \ M (s)=mf{P(E):s<'H n (E)<U n (M)/2} for s G [0, H n (M)/2] . 



The isoperimetric inequality (1.3) is just a rephrasing of definition (3.1). The point is thus to 
derive information about the function \m , which is explicitly known only for Euclidean balls and 
spheres [BuZal ICi2|, IMa7] . convex cones [LP] , and manifolds in special classes |BCl ICF| [CGL, 
\GP\ IMHH| IKH \MJ\ IPi] [Ri] . Various qualitative and quantitative properties of Xm are however 
available - see e.g. |BuZal ICTH \HK\ \KM\ \L& \ IMa7| . In particular, since we are assuming that M 
is connected, 

(3.2) A A /(s) > for s G (0,?T(M)/2], 

as an analogous argument as in |Ma7I Lemma 3.2.4] shows. 
The Sobolev space W 1,P (M) is defined, for p G [1, oo], as 

W l ' p {M) = {u£ L P (M) : u is weakly differentiable on M and |Vn| G D>{M) } . 
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We denote by Wq ,p (M) the closure in W 1,P (M) of the set of smooth compactly supported 
functions on M. 

The standard p-capacity of a set E C M can be defined as 

(3.3) C P (E) = inf j J \Vu\ p dx : u G Wq' p (M),u > 1 in some neighbourhood of eX . 

A property concerning the pointwise behavior of functions is said to hold C p -quasi everywhere 
in M, Cp-q.e. for short, if it is fulfilled outside a set of p-capacity zero. 

Each function u G W 1,P (M) has a representative u, called the precise representative, which is 
Cp-quasi continuous, in the sense that for every e > 0, there exists a set A C M, with C P (A) < e, 
such that f\M\A i s continuous in M\A. The function u is unique, up to subsets of p-capacity zero. 
In what follows, we assume that any function u G W 1,P {M) agrees with its precise representative. 

In the light of a classical result in the theory of capacity ( [Dal Proposition 12.4], |MZl 
Corollary 2.25]), we adopt the following definition of capacity of a condenser. Given sets E C 
G C M, the capacity C P (E, G) of the condenser (E, G) relative to is defined as 
(3.4) 

C P (E, G) = inf | j |Vu| p dx : u G W 1,p (M),u > 1 C p -q.e. in E and u < C p -q.e. in M\gX . 

Accordingly, the p-isocapacitary function vm,p '■ [0,% n (M)/2] — > [0,oo] of M is given by 

(3.5) vm,p(s) — inf {C p (E, G) : E and G are measurable subsets of M such that 

E C G C M and s < U n {E) < U n (G) < U n (M)/2} for s G [0,^™(M)/2]. 

The function vm,p is clearly non-decreasing. In what follows, we shall always deal with the 
left-continuous representative of vm, v -, which, owing to the monotonicity of vm,p, is pointwise 
dominated by the right-hand side of (3.5). Note that 

(3.6) u M ,i = Am 

as shown by an analogous argument as in |Ma71 Lemma 2.2.5]. 

When p = 2, the case of main interest in the present paper, we drop the index p in C P (E, G) 
and vm,pi and simply set 

C(E,G) = C 2 (E,G), 

and 



By ((^ and ((2JJ), one has that 

(3.7) v M {s) > for s G [0, U n {M)/2}. 

For any measurable function u on M, we define its distribution function /i u : M — > [0, oo) as 

fj, u {t) = U n ({x G M : u(x) > t}) for t G M. 

Note that here [i u is defined in terms of u, and not of \u\ as customary. The signed decreasing 
rearrangement u° : [0,H n (M)] — > [—oo, oo] of u is given by 

u°(s) = sup{t : n u {t) > s} for s G [0,U n (M)]. 
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The median of u is defined by 

(3.8) med(u) = u°(U n {M)/2) . 

Since u and u° are equimeasurable functions, one has that 
( 3 -9) \\ u °\\Li(0,H n (M)) = IMIl9(M) 

for every q 6 [l,oo]. Moreover, by an analogous argument as in |UEG , Lemma 6.6], if u 6 
W 1,P (M) for some p E [1, oo], then 

(3.10) u° is locally absolutely continuous in (0,H n (M)). 

Given u G W 1,2 (M), we define the function ^ u : K — > [0,oo) as 

r l dr 

(3 ' u) WH 1 ]^w*>) forteR ' 

On making use of (a version on manifolds) of [Ma7, Lemma 2.2.2/1], one can easily show that if 

(3.12) med(u) = 0, 
then 

(3.13) v M {% n {{u > t})) < fort>0, 
and 

(3.14) v M (s) < M L s)) iorse(Q,H n (M)/2). 
4 Manifolds of revolution 

In this section we focus on a class of manifolds of revolution to be employed in our proofs 



of Theorems 2.2 and 2.4 Specifically, we investigate on their isoperimetric and isocapacitary 
functions. 

Let L G (0, oo], and let <p : [0, L) — > [0, oo) be a function in C 1 ([0, L)), such that 

(4.1) <p(r)>0 forre(0,L), 

(4.2) tp(p) = 0, and <p'(Q) = l. 

Here, <p' denotes the derivative of ip. For n > 2, we call n-dimensional manifold of revolution M 
associated with ip the ball in W 1 given, in polar coordinates, by {(r, oj) : r £ [0,L),u> G S n_1 } 
and endowed with the Riemannian metric 

(4.3) ds 2 = dr 2 + <p(r) 2 du 2 . 

Here, dco 2 stands for the standard metric on § n . Owing to our assumptions on cp, the metric 



(4.3) is of class C 1 (M). Note that, in particular, 

(4.4) f udH n =[ [ uip(r) n - 1 drda n _ x 

Jm Js 71 - 1 Jo 
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for any integrable function u : M — > R. Here, a n -\ denotes the (n — l)-dimensional Hausdorff 
measure on S n_1 . 

The length of the gradient of a function u : M — > R is defined by |Vu| = y/ (Vu , Vw), and 
takes the form 



(4.5) 



|Vu| 



9n\2^ 1 ^ 
9r/ (/?(r) 2 



where V§n-i denotes the gradient operator on S n 1 . Moreover, if u depends only on r, then 
^ ^ (^(r)™" 1 dr ^ dr^j 



Thus, for functions u depending only on r, equation (1.2) reduces to the ordinary differential 
equation 



(4.7) 



T^( J -r 1 ?]+7^r 1 « = for rG (0,L). 
dr \ dr J 



The membership of u in W 1,2 (M) reads 
(4.8) 

Now, fix any ro 6 (0, L), set 
(4.9) 

and define ifi : (0, L) — > M as 
(4.10) V(^ 
Under the change of variables 



■u 2+ (cT^ )<f(r) n L dr < oo . 



•so 



dp 



n— 1 ' 



'■(] 



r dp 



for r £ (0, L). 



and 



= u(V> -1 (s)), 
p( S ) = ^(^ 1 ( S )) 2(n - 1) , 



equations (4.7) and (4.8) turn into 

d 2 v 



(4.11) 
and 
(4.12) 

respectively. 



ds 2 



+ jp(s)v = for s G (— oo, so), 



v p(s) + 



/ dv 



\ ds 



ds < oo . 
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We finally note that if r G (0, L) and B(r) = {(p, uj) : p G [0, r), uj G S n 1 }, a ball on M centered 
at 0, then 



(4.13) 
and 

(4.14) 



H n -\d(M \ B(r))) = n n -\dB(r)) = ^^(r)™" 1 
H n (M\B{r))=u n - 1 [ L ifipT^dp, 

J r 



where =^"- 1 (S n - 1 ). 

The main result of this section is contained in the following theorem, which provides us (up 
to equivalence) with the functions Am and vm for a manifold of revolution M as above. In what 
follows, we set n' = -^j, the Holder conjugate of n. 

Theorem 4.1 Let L G (0, oo] and let <p> : [0, L) — > [0, oo) be a function in C 1 ([0,L)) fulfilling 



( |4.1[ ) and (4.2) and suca f/iai. - 
(%) ]im r ^. L tp(r) = 0; 

fii) taere exists Lq G (0,-L) suca i/iai <p is decreasing and convex in (Lq,L); 
(Hi) Jq Lp{p) n - l dp < oo. 

Then the metric of the n- dimensional manifold of revolution M built upon cp is of class C l {M), 
and % n {M) < oo. Moreover, let An be the function implicitly defined by 



(4.15) 



An U). 







ip(p) n l dp ) = w n _ip(r)' 



/or r G (L ,L) 



and such that Xq(s) = An(u; n _i f£ f(p) n ~ 1 dp) for s G (0,w n _i J*^ 99(r) n_1 dr). Taen 

(4.16) Am(s) ~ Ao(s) near , 

and 



(4.17) 



^m(s) 



H"(M)/2 dr 



near 0. 



Proof The fact that M is a Riemannian manifold of class C 1 follows from assumptions (4.1) 
and (4.2). Furthermore, by (iii), 

U n {M) = w n _i f <p{p) n ~ l dp < oo. 

JO 

As for (4.16) and (4.17), let us begin by observing that, since <p is decreasing in (Lq,L), the 
function An is increasing in (0, ui n -\ f£ tp(r) n ~ 1 dr) . Moreover, there exists a constant C such 
that 

(4.18) A (s) < Cs 1/n ' 

for s G (0,o; n _i J^ o (p(r) n ~ 1 dr) . Indeed, since \\m. r _>Lp(r) = and —(p'(r) is a nonnegative 
non-increasing function in (Lq,L), one has that 



(4.19) -ip'(L ) [ L ipiQT^dQ > -<p'(r) f L pig)^ 1 

J r J r 



> 



dg 



V (£?M0) n ~% = - <p(r) n for r G (L , L), 
n 
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whence (4.18) follows, owing to (4.15). 
Define the map $ : M \ B(L ) ->• W l as 

(4.20) *(r,w) = (¥>(r),w) for (r,w) G (£o,L) x S n_1 . 



Clearly, $ is a diffeomorphism between M \ B{Lq) and $(M \ B{Lq)). 
Given any smooth function v : M \ B(Lq) — > M, we have that 

(4.21) 

r<p(Lo) I Y 



f 



V{vo^- l )\dx= I ^ ° J (v o $-1)2 + -i| V S n-i(« o $-i)|2 e^dQdxJn-! 



$(M\B(L )) 

L 



' (^Y + ^\^S^v\^(r) n - 1 \ l p'(r)\drda n . 



<2(1+ sup |^(r)l) / / L J(^) 2 + ^2|V S n-i W |V(0 n ~ 1 ^n- 

= 2(1 - v?'(Lo)) / |Vu|dH n . 

Jm\b(l ) 



By approximation, the inequality between the leftmost side and the rightmost side of (4.21) 
continues to hold for any function of bounded variation v, provided that the integrals of the 
gradients are replaced by the total variations. In particular, on applying the resulting inequality 
to characteristic function of sets, we obtain that 

(4.22) H n ~ 1 {d(^{E))) < Cn n -\dE) 



for every smooth set E C M \ B(Lq), where C = 2(1 — (p'(Lo)). Given any such set E, the 
classical isoperimetric inequality in W 1 tells us that 

(4.23) n 1 /"'^"/;™^^)) 1 /"' < U n -\d{${E))) , 
where C n denotes the Lebesgue measure in W 1 . On the other hand, 

(4.24) £"($(£))= / r iL0) X^E)Q n ~ 1 dgda n ^ 1 = [ f ' x^r)"" V '{r)\drda n - X , 

JS"- 1 Jo Js«-i Jl 

where \E and x$(E) stand for the characteristic functions of the sets E and $(E), respectively. 
Define A : [0,L) -> [0,n n (M)} as 



A(r) = w n _i f v{p) n - l dp for r G [0, L), 

Jr 



whence, by ( |4.14[ ), A(r) = H n (M \ B(r) for r G [0, L). Since |<//| = -if' in (L , L), and ~(p' is a 
non-increasing function in (Lq,L), 

(4.25) / f\^( r ) n "V'Wl^n-i> f [ L ip{r) n - l y(r)\drda n - x 

JS™- 1 JL JS™- 1 JA- 1 (n n (E)) 

rL 
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Combining ( |4.22[ )-( |4.25[ ) yields 
(4.26) 



C(p(A~ l (H n (E))) n ~ < U n -\dE) 



for some positive constant C. By (4.15), 
(4.27) u n ip{k-\U n {E))) n - 1 = A ( o.v_, 



A-H^'-fE)) 



^"^dp = X (H n (E)) 



From (4.26) and (4.27) we obtain that 

(4.28) CX (n n (E)) < U n - l {dE) 



from some constant C and any smooth set E C M \ B(Lq). 

Now, let Li G (L , L) be such that U n {B(Li)) > H n (M)/2. Observe that B~(Li) is a smooth 
compact Riemannian submanifold of M with boundary dB{L\) diffeormorphic to a closed ball 
in W 1 . Thus, an isoperimetric inequality of the form 



(4.29) 



CU n {E) l l n ' <U n - l {dE) 



holds for some constant C and for any set of finite perimeter E C B{Li). Moreover, there exists 
a positive constant C such that 



(4.30) 



H n - l (EndB(Li)) < CU n -'{dE^B{Li)) 



for any smooth set E C B(L X ) such that H n (E) < H n (M)/2 (< U n {B{Li)), by our choice of 
Lx). 

Owing to ( |428l )-( |430l ), for any smooth set E C M such that U n {E) < U n (M)/2 
(4.31) 

n n -\dE) = u n -\d{E n BjL{j)) + u n -\d{E n (m \ b(Li)))) - 2U n - 1 (E n &b(Li)) 

> CH n (E n s(Z0) 1 / n ' + cx {n n (E n (M \ fl(ii))) - cw n-1 (s(iii) n a^) 

> CH n (E n s(Z0) 1 / n ' + cx {n n (E n (m \ - cn^idE) , 

for some positive constant C. Consequently, there exists a constant C such that 
(4.32) CH n - l {dE) > n n (E n BjL{)) l l n ' + x (n n (E n (M \ 

for any smooth set E <Z M such that % n {E) < % n (M) /2. Now, we claim that there exists a 
constant C such that such that 



(4.33) 



s 1 /"' + A (a) > CA C 



s + cr 



Indeed, if a < s, then, by (4.18), 
(4.34) 



s 1/n ' > CX (s) > CA ( 
for some positive constant C, whereas, if s < a, then trivially 
(4.35) A (<7) > A 



for s, cr G [0, H n {M)/2\. 



' s + a 
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Coupling Q4.32D and ( |4.33p yields 

(4.36) C\ {U n {E)/2) < H n - l {dE) 

for some positive constant C and for every smooth set E C M such that 7-L n {E) < T-L n (M)/2. 
By approximation, inequality (4.36) continues to hold for every set of finite perimeter E C M 
such that T~L n (E) < H n (M)/2. Since Ao is non-decreasing, inequality (4.36) ensures that 

(4.37) X M (s) > CX (s/2) for s G [0, H n {M)/2). 



On the other hand, equation (4.15) entails that Xm(s) < Ao(s) for small s, and hence there 
exists a constant C such that 



(4.38) 



X M (s)<CX (s) for s G [0,ft n (M)/2]. 



Equation (4.16) is fully proved. 



(4.39) 



As far as (4.17) is concerned, by (2.1) and (4.37), 
1 



vm{s) 



< 



H"(M)/2 dr 1 f H n (M)/2 dr 

x^W-c* 



< 



c 2 



H n (M)/2 dr 
s/2 



Ao(r) 2 



A (r/2)2 
for s G {0,H n {M)/2}. 



In order to prove a reverse inequality, set R = max{Lo,A 1 (7i n (M) / 2)} . Moreover, given s G 
{0,H n (M)/2), let r G {R,L) be such that 

(4.40) s = H n (M \ B(r)) = u n ~\ £ ^W"" 1 dr . 

Let u = u(p) be the function given by 



u{p) 







if pG (0,12], 
ifp G (i2,r), 
if pG [r,L), 



and let 

Hence, 
(4.41) 



E = M \ B(r) and G = M \ B(R). 



vm{s) < C{E,G) < [ \Vu\ 2 dn n (x) 
Jm 



W n -1 



L 



r dr 



R ip(r) r 



i 

A(R) dp 
MP? 



< 



c 

H n {M)/2 dp~ 



for s G (0,^ n (M)/2], 



for some constant C . Note that the second equality is a consequence of (4.15), owing to a change 
of variable. Equation (4.17) follows from (4.39) and (4.41). □ 
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From (4.16) and (4.17), it is easily verified that conditions (2.2) and (2.14) are equivalent for 
manifolds of revolution as in Theorem 14.11 Moreover, these conditions can be characterized in 



terms of the function <p appearing in its statement. The same observation applies to (2.7) and 
(2.17). These observations are summarized in the following statement. 



Corollary 4.2 Let cp be as in Theorem 4-1 . and let M be the n- dimensional manifold of revo- 
lution built upon (p. Then: 
(i) Conditions (2.2), (2.14), and 



lim 



for any R € (0, L) are equivalent, 
(ii) Conditions (2.7), (2.17), and 



dg 



R 



<p(q) 



1 



n-l 



<p(r 



in— 1 



(f(p) n dp ) dr < oo 



are equivalent. 

The remaining part of this section is devoted to showing that, given functions v and A as in 



the statements of Theorems 2.4 and |2.8[ respectively, there do exist a manifold of revolution M 
fulfilling v^i ~ v and a manifold of revolution M fulfilling Am ~ A. This is accomplished in the 
following Proposition 4.3, dealing with A, and in Proposition 4.5, dealing with v. 

Proposition 4.3 Let n > 2, and let A : [0,oo) — > [0, oo) be such that 

X(s) 



(4.42) 



,1/n' 



a non- decreasing function near 0. 



Then there exist L S (0, oo] and ip : [0,L) — > [0,oo) as in the statement of Theorem 4-1 such 
that: 

(i) the n-dimensional manifold of revolution M associated with ip fulfills (4.15) for some function 
Aq such that 



(4.43) A ~ A 
(ii) the isoperimetric function Am / M fulfills 

(4.44) A M ~ A 
Moreover, L = oo if and only if 

(4.45) 



dr 



A(r) 



near 0: 



near 0. 



oo . 



Remark 4.4 If 

(4.46) 



A(r) 



zdr 



oo 



then (4.45) holds. Indeed, if (4.45) fails, namely if 

dr 



(4.47) 

then lim^o 
in d06b. 



A(r) 



< oo , 



\(s) 



0, and this limit, combined with (4.47), implies the convergence of the integral 
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Proof of Proposition 4.3 Let V be a positive number such that (4.42 ) holds in (0, V); namely, 
there exists a non-decreasing function i? such that 



A(s) n ' 



Thus, the function 

satisfies 

and 
(4.48) 



Ai(a)' 



0(a) for s 6(0, V). 

Ai( 8 ) = (^(s)) 1 /"' 
AiwA m(0,V), 

is non-decreasing in (0, V). 



Assumption (4.48) in turn ensures that, on defining 

1/n' 



A 2 s 



Air 



for s G (0, V), 



we have that A2 G C°(0, V), Af is convex in (0, V), and A2 ~ Ai « A in (0, V). Similarly, on 
setting 



A 8 (») 



^ 1 " 



for s G (0, V), 



we have that A3 G C 1 (0, V), A3' is convex in (0, V), and A3 ks A2 ~ Ai ~ A in (0, V). 

Thus, in what follows we may assume, on replacing if necessary A by A3 near 0, that A is a 

non-decreasing function in [0, L) such that A G C 1 (0,y), A(0) = 0, and 



(4.49) 
Define 

(4.50) 



A" is convex in (0, V). 
" y / 2 dr 



L = 2 



A(r)' 



and note that L = 00 if and only if (4.45) is in force. Next, set 



R 



L/2 if L < 00, 
1 if L = 00. 



Let N : [R,L) -)■ [0, V/2] be the function implicitly defined by 

r V/2 dr 

(4.51) / — -r = r-R for r G [R, L) . 

JN(r) A ( r ) 

Clearly, G C l (R, L) and N decreases monotonically from V/2 to 0. Define <~p : [R, L) — > [0, 00) 



as 



(4.52) 



<p{r) 



f\(N(r))\ ^ 



for r G (R, L) , 
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and observe that (p G C 1 (i?, L). Since, 

(4.53) X(N(r)) = -N'(r) forre[i?,L) 

and N(L) = 0, one has that 



(4.54) 

whence 

(4.55) 



X(N(p))dp = N(r) for r G [12, L) 



A / X(N(p))dp )= A(iV(r)) for r€[J2,L) 



and finally, by (|4T52|) 
(4.56) 



\n— 1 



for r G [i?, L) 



namely (4.15) with Ao replaced by A. 

Now, observe that the function ip is decreasing in (R, L) and lim r _>.£ V?( r ) = 0. Furthermore, <p 
is convex owing to (4.49). Indeed, by (4.53), 

(4.57) oCMr) = (A(iV(r))^i) 



1 



n — 1 
1 



n — 1 



A / (iV(r))A(iV(r))^" 1 Af , (r) 
A'(JV(r))A(JV(r))s=i for r G (i?, L). 



Thus, since N(r) is decreasing, <p (r) is increasing if and only if —A (s)A(s)™- 1 is decreasing, 

i 

namely if and only if A (s)A(s)™- 1 is increasing, and this is in turn equivalent to the convexity 
of A(s) n '. 

Finally, let us continue cp smoothly to the whole of [0, L) in such a way that (4.1) and (4.2) are 
fulfilled, and that 



w„_i / <p(r) n *. 
Jo 



n— 1 ' — s 



dr = w n _i / (/?(0 dr = N(R) 



The resulting function ip fulfils the assumptions of Theorem 4.1 Hence, the conclusion follows. 



□ 



Proposition 4.5 Let n > 2, and let v : [0, oo) — > [0, oo) be a function such that v G A2 near 0, 
and either n > 3 and 

(4.58) f-2 is equivalent to a non- decreasing function near 0, 

S n 

or n = 2 and there exists a > suc/i f/iai 

(4.59) - - is equivalent to a non- decreasing function near 0. 



TTien i/iere exist L G (0,oo] and 9? : [0, L) — )• [0, 00) as in i/ie statement of Theorem ^..l, such 
that: 
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(i) the n- dimensional manifold of revolution M built upon ip fulfills (4.15) for some function Ao 

such that Ao ~ Xm near 0; 

(ii) 



(4.60) 



1 



near . 



Moreover, L = oo if and only if 
(4.61) 

Remark 4.6 If 

(4.62) 



fir 



\Jrv{r) 



dr 



AmM 2 



oo . 



"( r ) 



oo , 



then (4.61) holds. This is a consequence of the fact that there exists an absolute constant C 

1/2 



such that 



f{s) z ds <C f{s) 



ds 



for every non-increasing function / : (0, 1) —> [0, oo). 



Proof of Proposition 4.5 Let us assume that n > 3, the case when n = 2 being analogous. 
Let V be a positive number such that v G A 2 in (0, V) and ( |4.58 ) holds in (0, V). An analogous 
argument as at the beginning of the proof of Proposition |4.3| tells us that on replacing v, if 
necessary, by an equivalent function, we may assume that u G C^O, V), v'{s) > for s G (0, V), 
and 

(4.63) sz/(s) w forsG(0,y). 

Define A : (0, V) -> (0, oo) by 



(4.64) 



AW 



Given any a G (0, V), we thus have that 



for s G (0, V). 



(4.65) 



v{s) v{a) 
and hence there exists s such that 



a dr 



A(rf 



(4.66) 

Moreover, 

(4.67) 



1 



< 



2i/(s) 



a dr 1 

< 



A(r) 2 v(s) 



for s G (0,F), 



if < s < s. 



,1/n' 



is non-decreasing in (0, V). 



Indeed, by (4.63) and by the A2 condition for v in (0, V) 

A(s) 2 ^(s) 2 v{s) 



(4.68) 



for s G (0, V) . 
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Owing to (4.68) and (4.58), the function A fulfills the assumptions of Proposition 



be the n dimensional manifold of revolution associated with A as in Proposition 4.3 

W»(M)/2 dr 



4.3 Let M 



By (4.43) 



(4.44), (4.16) and (4.17), 



(4.69) 



On the other hand, by (4.66) 
(4.70) 



m(s) J s A(r) 2 

■H"(M)/2 dr 



near 0. 



/ 

J s 



1 



A(r) 2 v(s) 



near 0. 



Equation fl4~60"l ) follows from ((469]) and p~70"l ). 



As for the assertion concerning (4.61), by Proposition 4.3 one has that L = oo if and only if 



the function A given by (4.64) fulfils (4.45). One has that 
r v ds_ 

Jo m 



(4.71) 



v V^ >c f v V^ ds>c , [ v * 

ii "(*) Jo y/sv(s) J ^/sv{s) 



for suitable constants C and C , where the first inequality holds by (4.63) and the last one by 
the A2 condition for v. An analogous chain yields 



ds 



< Q 

A(a) Jo ^sv(s) 



ds 



for a suitable positive constant C. Hence, equation (4.61) is equivalent to L = 00. 



□ 



5 L q bounds for eigenfunctions 

We begin with the proof of Theorem |2.1| on L q (M) bounds for eigenfunctions. 



Proof of Theorem 2.1 Given s £ (0,'H n (M)) and h > 0, choose the test function v defined 
as 



(5.1) 



if u{x) < u°(s + h) 

v(x) = I u(x) - u°(s + h) if u°(s + h) < u(x) < u°(s) 
u°{s) -u°{s + h) if u°(s) < u(x), 



in equation (1.1). Notice that v S W > (M) by standard results on truncations of Sobolev 



functions. We thus obtain that 
(5.2) / \Vu\ 2 dn n (x) 

' {u° (s+h)<u<u° (s)} 

~ I u(x)(u(x)-u°(s+h))d'H n (x) + (u {s)-u {s+h))j [ u(x)dV. n (x) 

'{u°(s+h)<u<u°(s)} ' J{u>u°(s)} 



Consider the function U : (0,'H n (M)) — > [0, 00) given by 



(5.3) 



U(s) 



{u<u°(s)} 



\vu\ z dn n {x) 



for s £ (0,H n (M)). 
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By (3.10), the function u° is locally absolutely continuous (a. a, for short) in (0,7i n (M)). The 
function 

(0,oo) 3 t h-> f \Vu\ 2 dH n (x) 

J {u<t} 

is also locally a.c, inasmuch as, by the coarea formula, 

(5.4) f \X7u\ 2 dH n (x) = [ [ \Vu\dH n - l {x)dT for tel. 

J{u<t} J-oo J{u=t} 

Consequently, U is locally a.c, for it is the composition of monotone locally a.c. functions, and 

(5.5) U'(s) = -u°'(s) I {VuldH^ix) for a.e. s G (0,% n (M)). 

J{u=u°(s)} 



Thus, dividing through by h in (5.2), and passing to the limit as h — > + yield 
(5.6) 

-u°'(s) [ \Vu\dn n -\x) = 7 (-u°'(s)) / udU n {x) for a.e. s G (0,H n (M)). 

J{u=u°(s)} J{u>u°(s)} 

On the other hand, it is easily verified via the definition of signed rearrangement that 
(5.7) {-u°'{s)) [ u(x)dx = (-u°'{s)) [ u°(r)dr for a.e. s G (0,'H n (M)). 

J{u>u°(s)} JO 



Coupling (5.6) and (5.7) tells us that 



(5.8) 



u°'(r) 



-u°'(f) 7 



f {u=ua{r)} \Vu\dn^(x)J 



u°(g)dQ for a.e. r G (0,H n (M)). 



Let < s < e < H n (M)/2. On integrating both sides of (5.8) over the interval (s, e), we obtain 
that 

(5.9) u°(a)-7 I ( f u°( Q )dQ)(-ip u (u (r))ydr = u (e) forsG(0,e), 



s WO 



where ^ is the function defined as in (3.11). Define the operator T as 
(5.10) 



Tf(s) 



f(g)dg)(-Mu°(r)))'dr for sG (0,e), 



for any integrable function / on (0, e). Equation (5.9) thus reads 

(5.11) (I — 1 T)(u°) = u°(e). 
We want now to show that, if ( |2.2[ ) holds, then 

(5.12) T : L q (0, e) — > L q (0, e), 
and there exist an absolute constant C such that 

( 5 - 13 ) \\ T \\(Li(0,e)^Li(0,e)) < C6(e) , 
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where 9 : (0,U n (M)/2] — > [0, oo) is the function defined as 



(5.14) 

Set 
(5.15) 

and observe that 
(5.16) 

and 
(5.17) 
Moreover, 
(5.18) 



8(s) = sup — 

re(o,«) v M\r) 



for s G (0,W n (M)/2]. 



v = u — med(tt), 

med(u) = , 
v° = u° — med(u) , 

(V»u(«°(a)))' = (^K(s)))' for s G (0,« n (M)). 
v°(s)>0 if s G (0, / H n (M)/2). 



Given any g G [2,oo), / G L 9 (0, e) and < s < e < % n (M)/2, the following chain holds: 



(5.19) \Tf(s) 



f(Q)dg){-Mu (r)))'dr 



f(s)dg){-Mv (r)))'dr 



(by (5.17)) 



< 



\f(Q)\dg) 



■- WO 

£ d 



dr 



v°(r) 



dr 



v°{r) 



dr 



d;T 



dr 



J, ,\w\^-H7) dr )l l/(!?)l<ie 



J{v=t} 



dr 



/ d / rv°(r) 

dr'yJo f {v=T} \Vv\<m."-i(x) 



dr)\f{e)\d 6 



(by Fubini's theorem) 



+ 





v°(s) ! {v=T} Wv\dn n -\x)) J 

e KG?) dT 



\f(Q)\dQ 



< 



s jv- 
v°(s) 



f/r 



L v=T} \Vv\dH"-Hx)J J 



J{u=r} 



+ 



s JO J{v=t} 



L=r} |V«| «f 



^i7^l/(e)Me 
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(v°(e) > by djUgb) 



< 



^»)) / |/(f?)|d£? + / V>»))l/(e)l^ 

f\f(e)\dQ+ f -\-Af(Q)\dQ 
vm{s) Jo Js v m \Q) 



(by (3.14) with u replaced by v) 



Thus, if we show that there exist constants C\ and C2 such that 



(5.20) 
and 
(5.21) 



1 



\m(s) J 



Q \ 1/9 

|/(r)|dr) ds <d 



|/00|*cfa 



1/9 



e 1 \<7 \ 1/9 

|/(r)|dr ds < C 2 



/0 W« 

for every / G L 9 (0, e), then we obtain that 

(5-22) [|r/||x 9 (o^)<(Ci + C 2 )[|/[|r, ( o, B) 



\f(s)\ q ds 



1/9 



for every / £ L 9 (0,e) By standard weighted Hardy inequalities (see e.g. jMa7[ Section 1.3.1]), 
inequalities ( 5.20| ) and (5.21) hold if and only if 



(5.23) 

and 
(5.24) 



SUp S 1/g ' \\l/vM\\L4(se) < 00 
se(0,e) 



sup s 1/g ||1/i/m|| L9 ' (s ^ < 00 

se(0,e) 



respectively. Furthermore, the constants Ci and C2 in (5.20) and (5.21) arc equivalent (up to 



absolute multiplicative constants) to the left-hand sides of (5.23) and (5.24), respectively. 



The left-hand sides of (5.23) and (5.24) agree if q = 2. We claim that, if q G (2, 00), then the left- 



hand side of (5.23) does not exceed the left-hand side of (5.24), up to an absolute multiplicative 



constant. Actually, since vm is non-decreasing 
(5.25) 

re(0,s) 

> 



sup r x l q \\l/v M \\ Lq ' {r>s) > (s/2) 1 / g ||l/^ / || L9 / (s/2iS) 

re(0,s) 

— for se (0,?T(M)/2). 
2v M (a) 
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Thus, 
(5.26) 



X 1 \ « 



9-2 

' s 1/q \\l/u M \ 



vm(s) 



Li'(s,e) 



l 

9-1 



g-2 



< 2 «-i sup ri \\l/vM\\ Lq ' {rt A 

re(0,e) K ' ; 

1 

< 2 sup ||lM/|| L9 ' (r . £) 

rs(0,e) 



for s G (0, e), 



where the last but one inequality holds owing to (5.25). Thus, our claim follows. On the other 
hand, 



(5.27) 



sup s 1/q \\l/vM\\ Lq 'r SE ) = sup s 1/q 

se(0,e) ' se(0,e) 

£ j sup ) sup s 1 ^ 

.se(Q,e) v m(s) J se ( , e ) 



V?' 



vuir)) ri' 
£ dr \ 1/q ' 1 

^(7^T)W 0(e) - 



Hence, (5.13) follows as well. 

On denoting by (J — 7T) g the restriction of I — 7T to L q (0, e), we deduce via a classical result 
of functional analysis that the operator 

(5.28) (I-^T) q :L^0,e)^L g (0,e) 

is invertible, with a bounded inverse, provided that e is so small that 

(5.29) C 7 0(e) < 1 , 



where C is the constant appearing in (5.13). Moreover, 
(5.30) 



1 



1 - C7©(e) 



The next step consists in showing that there exists an absolute constant C such that also 
the restriction (I — 7 T)2 of I — 7T to L 2 (0,e) is invertible, with a bounded inverse, provided 
that 



(5.31) 



C' 7 0(e) < 1 



An analogous chain as in (5.26) tells us that 
(5.32) 



Consequently, 
(5.33) 



s 1/2 \\1/vm\\ lHse) < 2 sup r 1 /" \\l/vM\\ Lq > (re) for s G (0,e) 

r6(0,e) 



sup S 1/2 ||1/^m|| l2(Si£) < 20(e) 



24 



Hence, the invertibility of (/ — jT)2 under (5.31) follows via the same argument as above. 
Owing to assumption (2.2), both (5.29) and (5.31) hold provided that e is sufficiently small. In 
particular, one can choose 

(5.34) e = Q- 1 {l/{2 1 C")), 

where _1 is the generalized left-continuous inverse of G, and C" = max{ C, C"}. 

We have that u° E L 2 (0,e), for u G L 2 (M). Thus, since the constant function u°(e) trivially 

belongs to L q (0,e) C L 2 (0,e), from floTTT] ) we deduce that 

(5.35) u° = (I — 7 T) 2 V(^)) = (I - iT)-\u°{e)) . 
Hence, u° £ Li(0,e), and, by ( [5T3Q| ) and ( f5734| ) , 



(5.36) 



\ U \\L1(0,£) 



< 



1 - CjQ(e) 1 - C 7 e(e) 
Since e < H n (M)/2, one can easily verify that 



(5.37) 



\u\\l 2 (m) > e 1/2 K(e)| . 



From (5.36) and (5.37) one has that 
(5.38) 



u llL«(0,e) 



< 



2\\u\ 



L 2 (M) 



i_ l 

e 2 i 



Next, observe that 

(5.39) |med(«)| < (2/U n {M)) l / 2 \\u\\ L 2 [n) . 

By ( |5.37[ ) and ( |5.39[ ), there exists a constant C = C(H n (M)) such that 



q-2 



(5.40) ||u° -med(u)|| L9(eiW n (M)/2 ) < (u°(e) - med(u)) « [|u° - med(u) ||^ SiW » w) 

< C( £ 3-| + l)|| u || L2(M) . 



From ( |5.37D , ( |5.39D and ( |5.40[ ) we deduce that 

(5.41) ||w°||l«(o,w«(M)/2) < \\u o \\li(0,s) + IK - m ed(n)|| L ,( eiW n (M)/2 ) + ||med(u)|| W ( ei - H n( M )/2) 

i_ i 

< (e 2 ? + l)||n|| L2(M) 

for some constant C = C{T-L n {M)). Hence, there exists a constant C = C(H n {M)) such that 



(5.42) 



\ u \\Li(0 ! n n (M)/2) 



< 



C\\u\ 



L 2 {M) 



(e-i(i/(7C))) 5 " 



A combination of (5.41) with an analogous estimate for |p||L«(w«(Af)/2,« n (M)) obtained 
via the same argument applied to —u, yields (2.3), since (— u)°(s) = —u°(7i n (M) — s) for 
s e (0,n n (M)). □ 
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An inspection of the proof of Theorem 2.1 reveals that, in fact, the following estimate for 



the constant appearing in (2.3) holds 



Proposition 5.1 Define the function 9 : {Q,H n {M)/2\ ->■ [0,oo) as 



@{s) 



sup -r 

re(o,s) v M\r) 



Then inequality (2.3) holds with 



forse {0,H n (M)/2}. 



Ci 



where C\ = C\(q,'H n {M)) and C2 = C^g, % n (M)) are suitable constants, and 1 is the 
generalized left- continuous inverse of@. 

Example 5.2 Assume that there exists (3 G {{n — 2)/n, 1) such that the manifold M fulfils 



vm(s) > Cs^ for some positive constant C and for small s. Then (2.2) holds, and, by Proposition 



5.1, for every q £ (2, 00) there exists an constant C = C(q,H n (M)) such that 



9-2 

\\u\\ Lq{M ) < C^W-P) \\U\\ L 2( M) 

for every eigenfunction u of the Laplacian on M associated with the eigenvalue 7. 



We now prove Theorem 2.2 



Proof of Theorem 2.2 Given q > 2 and n > 2, we shall construct an n-dimensional manifold 



of revolution M as in Theorem 4.1 fulfilling (2.6) and such that the Laplacian on M has an 
eigenfunction u ^ L q (M). 



In the light of the discussion preceding Theorem 4.1, in order to exhibit such eigenfunction it 
suffices to produce a positive number 7 and a smooth function p : R — > (0, 00) such that 



/\/p(g)dg < 00 for s 6 

-00 



and 



and a function u 



y/p{Q)dQ 



00 , 



fulfilling (4.11) and (4.12), and such that 



(5.43) 



v(s) q p(s)ds = 00 . 



The function ip in the definition of M is recovered from p by 

(5.44) ip(r) = p(F _1 (r))2(^i) for r > 0, 
and 93(0) = 0, where F : K — )■ [0, 00) is given by 

(5.45) F(s) = f ^/pjg)dg for sGl. 

J —00 
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We define the function p piecewise as follows. Let s± < — 1 < 1 < S2 to be fixed later, and 

1 



set 

(5.46) 
Let 

and 

With this choice of a, the function 
(5.47) 



p(s) 



if S > S2- 



1 



a 



0< 7 < 4 , 
2 

v(s) = s a 



solves equation (4.11 ) in [s2, oo). On the other hand, if p is defined in (— oo, s\] by 



(5.48) p(s) 
then the function given by 



>le z 



7(l-e 2 ") 



(-")" 



(5.49) 



v(s) 



{ (n-2)" 



1- e 2s 

2n — 2 

(n - 2)^2" 



2n 



HO 5 



if n = 2, 
if 77. > 2, 



if n = 2, 
if n > 2, 



solves equation (4.11) in (— oo,si]. Next, given /3 > and neighborhoods 7_i and Jj of —1 and 

for s € Ji, 



1, respectively, let p be defined in I\ U Ji as 



p(s) 



. 7(/3-(W) fOTSG/ -l- 



Then the function v given by 

v(s) 



(3(s - 1) - (s - l) 3 for sell, 
-/3(s + 1) + (s + l) 3 for s G I- 



is a solution to (4.11 ) in I\ U Jx- Moreover, v is convex in a left neighborhood of 1 and in a right 
neighborhood of —1, whereas it is concave in a right neighborhood of 1 and in a left neighborhood 
of —1. It is easily seen that, if (3 is sufficiently large, S2 and — si are sufficiently large depending 
on f3, and I\ and I_i have a sufficiently small radius, then v can be continued to the whole of 
R in such a way that: 

v G C 2 (R); 

?/' < —C and u > C in 1 \ (J_i U (—1, 1) U for some positive constant C; 
v" > C and v < — C in (— 1, 1) \ (J_i U Ji), for some positive constant C. 



Thus, p can be continued to the whole of R as a positive function in C 2 (M) in such a way that v 
is a solution to equation (4.11) in M.. Also, the function v fulfils (4.12) for every 7 G (0, |), and 
(5.43) provided that 7 is sufficiently close to \. 
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The manifold of revolution M built upon the function <p given by (5.44) satisfies the assumt- 
pions of Theorem 4.1 Indeed, ip(r) > if r > 0, and (4.2) holds, as a consequence of the fact 
that 



(5.50) 



lim 

s— >— oo 



p'(s) 



3n-4 



2(n-l) 



Assumptions (i)-(iii) of Theorem |4.l| are also fulfilled, since there exists b > such that 

r 

(5.51) = be for large r. 



Finally, if Ao denotes the function given by (4.15), then we obtain via (5.51) that 

s .. 1 



(5.52) 



lim 



lim 



n—l 



VipY-'dp = 1. 



Hence, by (4.17), 



lim — ~ lim s 



H n (M)/2 



dg 



lim 



>o X (sY 



Hence (2.6) follows. 



□ 



We conclude this section by sketching the proofs of the results dealing with L q (M) estimates 
in terms of Am- 
Proof of Theorem 



2.5 



By (2.14), given e > 0, there exists s £ such that 



By inequality (2.1), if < s < s e , then 

rH n {M)/2 dr 



(5.53) 



vm{s) 



< s 



X M {rf 



< es 



<e + s 



dr 



+ s 



H"(M)/2 dr 



< e if < s < s F 



Am(0 



W»(M)/2 dr 



The rightmost side of (5.53) tends to e as s — > 0. Hence (2.2) follows, owing to the arbitrariness 

□ 



of e. Inequality (2.15) in thus a consequence of Theorem 



2.1 



Proof of Theorem 



that (5.52) and (4.16) imply (2.16). 



2.6| The proof is the same as that of Theorem 2.2. One has just to notice 

□ 



6 Boundedness of eigenfunctions 



Our main task in this section is to prove Theorem 2.3 which provides a condition on vm for 



the boundedness of the eigenvalues of the Laplacian, and Theorem |2.4[ showing the sharpness 



of such condition. The proofs of the parallel results of Theorems 2.7 and 2.8 involving Am are 
sketched at the end of the section. 



Proof of Theorem |2.3| We start as in the proof of Theorem 2.1 define the operator T as in 
( |5.10 ), and, for e G (0,W n (M)/2), we write again equation (5.9) as 



(6.1) 



{I- 1 T){u°) = u°{e) 
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We claim that, if (2.7) is satisfied, then 
(6.2) 
and 

(6.3) ||T 



T : L°°(0,e) -> L°°(0,e) 



(£ oo (0 1 e)-»X° o (0,e)) 



< 



dr 



"M r J 



To verify our claim, define v as in (5.15), recall (5.17), and note that 

rv°(r) 



(6.4) ||r/|| £O c (0ie) < ||/|U« (0>e) 



do 



o \ Jo 

£ re d 



d_ 
dr 



dr 



! {v=T} \Vv\dW-Hi 



dr 



< 



L°°(0,£) 



L°°(0,e) 



L°°(0,e) 



Jq 



dr 



v°(r) 



d.T 



S {v=T }\Vv\dW>-H 



dg 



e r v°(g) 



dr 



o ! {v=T] Wv\dn n - l (x) 

J w |V,|^-i(x) e 



JO 

e 



< 



{u=t} 

L°°(o,e) / 4>v(v°(g))dg 
Jo 

f e dg 

LOO{0 ' £) Jo ^dir 



Observe that we have made use of the inequality v(e) > 0, due to (5.18), in the last but one 
inequality, and of ( 3.14| ) (with u replaced by v) in the last inequality. Now, define the function 

3 : (0,H"'(M)/2] -»• [0,oo) as 



(6.5) 



dr 



vm{t) 

If e is sufficiently small, in particular 

e < 



7-1, 



for s G (0,?T(M)/2]. 



1/(27)), 



where 3 1 is the generalized left-continuous inverse of 3, then we deduce from (6.3) that the 
restriction (I - 7 3% of I - 7 T to L°° (0, e) , 

(6.6) (I- 7 T) oo :L DO (0,e)-).L o °(0,e) 

is invertible, with a bounded inverse, and 

1 



(6.7) 



(/- 7 r)- 1 ||< 



1 _ ~ r e rf g 

'Jo ^(g) 



< 2. 



Since 3(e) > 0(e), where G is the function defined by (5.14), we infer from (5.33) and from the 



proof of Theorem |2.1| that there exists an absolute constant C such that the restriction 
(6.8) (/- 7 T) 2 :L 2 (0,e)^L 2 (0,e) 
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of I — 7T to L 2 (0,e) is also invertible, with a bounded inverse, provided that CS(e) < 1. Set 
C = max{2, C}, and choose 

e = H- 1 (l/( 7 C')). 



Since u° G L 2 (0,e) and u°(e) G L°°(0,e) C L 2 (0,e), from ^TTJ we deduce that 
(6.9) u° = (/ - 7 T) 2 - V(s)) = (/ " lT)~^{u° (e)) . 

Hence, u° G L°°(0,e), and 



(6.10) 

Since 
(6.11) 

we have that 
(6.12) 



l u Hl°°(o,£) 



< 



|u°(e)| 



l-7/ ( 



< 2|n°(e) 



v m (q) 



| i2(M) > e^VC*)! = (S- 1 (1/C-yCO) ) 1/58 1«° (e) 1 , 



u Q (0) < ||«°|U»(o^) 



< 



21 ul 



L 2 (M) 



(-- 1 (V(7C'))) 1/2 ' 

The same argument, applied to —u, yields the same estimate for —u°{% n {M)). Since 

H«IU~(Af) = max{u°(0), -u°(H n (M))}, 



inequality (2.8) follows. 



□ 



The following estimate for the constant in (2.8) is provided in the proof of Theorem 2.3 



Proposition 6.1 Assume that (2.7) is in force. Define the function S : (0,% n (M)/2] — > [0,oo) 
as 



E(s) 



dr 



vm{t) 



fors£ (0,n n (M)/2]. 



Then inequality (2.8) holds with 



7-1 



(C 2 / 7 )) 



1 > 
2 



where C\ and C2 are suitable absolute constants, and S 1 is the generalized left- continuous 
inverse of H. 

Example 6.2 Assume that there exists /3 G [(n — 2)/n, 1) such that the manifold M fulfils 
^m(s) > Cs^ for some positive constant C and for small s. Then (2.7) holds, and, by Proposition 
16.11 there exists an absolute constant C such that 



IMU°°(Af) < C , 7 2 < 1 -' 9 ) \\u\\ L 2 {M) 
for every eigenfunction u of the Laplacian on M associated with the eigenvalue 7. 
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Next, we give a proof of Theorem |2.4 



Proof of Theorem 2.4 By Proposition 4.5, if v is as in the statement, then there exists a 
function <p such that the associated n-dimensional manifold of revolution M (as in Section [4]) 
fulfils (2.12), and hence 



(6.13) 

and 
(6.14) 



lim — 

a-+0 V M (s) 



ds 



lim — - 



ds 



vm{?) Jo K s ) 



oo . 



In particular, the latter equation entails, via Remark 4.6, that (4.61) holds, and hence that 
L = oo in Proposition 4.5 Thus, (p : [0, oo) — > [0, oo). Now, recall that the function tp given by 
Proposition 4.5 is defined in such a way that (4.2) holds. Hence, 

-l 



(6.15) 

and 

(6.16) 

Moreover, 

(6.17) 



dr 



cp( r y 



n-l 



CO , 



lim 

r->0 



dp 



ip{p)n-l 



<p(p) n - l dp 



dr 



ip(r 



in— 1 



OO . 



since linv^oo <p{r) = by property (i) of Theorem 4.1 



Owing to Corollary 4.2| condition (|6.13|) is equivalent to 

y{ e ) n - l d e 



(6.18) 



lim 

r— >oo 



dg 



n-l 



and condition (6.14) is equivalent to 
(6.19) 



1 



ip(p) n dp ) dr = oo . 



(p(r)n-i 

By the discussion preceding Theorem |4.1[ the conclusion will follow if we exhibit a number 7 > 
and an unbounded solution v : M — > M to equation (4.11) fulfilling (4.12). Note that sq = 00 in 



(4.9) owing to (6.17). Conditions (6.16) and (6.18) are equvalent to 



(6.20) 

and 
(6.21) 



lim s 

s— >— OO 



lim s 

s— >co 



p(t)dt = . 



p(t)dt = , 



respectively. Condition (6.19) amounts to 

/oo 
sp(s)ds = 00 
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Assumptions (6.20) and (6.21) ensure that the the embedding 
(6.23) W 1>2 (R) -»• L 2 {R,p(s)ds) 

is compact - see e.g. [KK]. Here, L 2 (R,p(s)ds) denotes the space L on M. equipped with the 
measure p(s)ds. Consider the functional 



(6.24) 



J(v) 



Ik 



'dv\ 2 
\ ds i 



ds 



f R v 2 p{s)ds 



By the compactness of embedding (6.23), there exists min J(v) among all (non trivial) functions 
v € VF 1,2 (IR) such that p(s)ds = 0. Moreover, the minimizer v is a solution to equation 
(4.11) with 7 = min J. 



By Hille's theorem [Hij . condition (6.21) entails that equation (4.11) is nonoscillatory at 
infinity, and hence that every solution has constant sign at infinity. Thus, we may assume that 
v(s) > for large s. Consequently, 



ds 2 



< for large s, 



and hence v is concave near oo. Now, assume by contradiction that v is bounded. Then there 
exists lims^oo v(s), and, on denoting by v(oo) this limit, one has that v (oo) G (0, oo) . Moreover, 

lim ~ = . 

s-»oo ds 



Integration of (4.11) and the last equation yield 

1 \ p(t)v(t)dt for large s. 



dv 
ds 



Hence, there exists s such that 



dv v(oo) 
ds ~ 1 2 



p{t)dt 



for s > s". 



By a further integration, we obtain that 

v (oo) 



■u(oo) — v{s) > 7- 



oo roo 



p(t)dt ds = 7 



v(oo) 



tp(t)dt -s p(t)dt , 



thus contradicting (6.22). 



□ 



Proof of Theorem 2.7 Assumption (2.17) implies (2.7), via Fubini's theorem. Hence, the 
conclusion follows via Theorem 12.31 □ 



Proof of Theorem 2.8 By Corollary 4.2, the same argument as in the proof of Theorem 2.4 



provides a manifold M, fulfilling (2.14), but not (2.17), on which the Laplacian has an unbounded 
eigenfunction. □ 
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7 Applications 

We conclude with applications of our results to two special instances. Both of them involve 
families of noncompact manifolds. However, the former is less pathological, and can be handled 
either by isoperimetric or by isocapacitary methods, with the same output. That isocapacitary 
inequalities can actually yield sharper conclusions than those obtained via isoperimetric inequal- 
ities is demonstrated by the latter example, which deals with a class of manifolds with a more 
complicated geometry. 



7.1 A family of manifolds of revolution with borderline decay 

Consider a one-parameter family of manifolds of revolution M as in Section |4j whose profile 
(p : [0, oo) — > [0, oo) is such that 



(7.1) 



(p(r) 



for large r, 



and fulfills the assumptions of Theorem 4.1 (Figure 1). This theorem tells us that 

M. 




Figure 1: A manifold of revolution 



(7.2) 
and 

(7.3) 



A M (s)~s(log(l/s))) 



1-1/a 



near 0, 



VM\S) 



H n (M)/2 



dr 



A M (r) 2 



s(log(l/s)) 



2-2/ a 



near 0. 



An application of Theorem 2.1 ensures, via (7.3), that all eigenfunctions of the Laplacian on M 



belong to L Q (M), provided that 
(7.4) 



a > 1. 



On the other hand, from Theorem 2.3 and equation (7.3) one can infer that the relevant eigen- 



functions are bounded under the more stringent assumption that 
(7.5) a > 2. 



The same conclusions can be derived via Theorems 2.5 and |2.7[ respectively. Thus, as for any 



other manifold of revolution of the kind considered in Theorem 4.1 (see Corollary 4.2), isoperi- 
metric and isocapacitary methods lead to equivalent results for this family of noncompact man- 
ifolds. 
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Note that, if a > 1, then, by Proposition 5.1 there exist constants C\ = C\{q) and C2 = 
C2(q) such that 

a. 

\\u\\l9(m) < Cie C27 a ~ ||«||i,2(Af) 
for any eigenfunction u of the Laplacian associated with the eigenvalue 7. Moreover, if a > 2, 



then by Proposition 6.1 



||«IU°°(M) < Cie 6 * 27 ^ ||w||l2(M) 

for some absolute constants C\ and C2 and for every for any eigenfunction u associated with 7. 
In both cases, the existence of eigenfunctions of the Laplacian is guaranteed by condition (2.2) 



see the comments following Theorem 2.1 



7.2 A family of manifolds with clustering submanifolds 

Here, we are concerned with a class of non compact surfaces Min M 3 , which are patterned on an 
example appearing in |CH| and dealing with a planar domain. Their main feature is that they 
contain a sequence of mushroom-shaped submanifolds {N k } clustering at some point (Figure 2). 
Let us emphasize that the submanifolds {N k } are not obtained just by dilation of each other. 




Figure 2: A manifold with a family of clustering submanifolds 

Roughly speaking, the diameter of the head and the length of the neck of N k decay to as 2~ k 
when k — > 00, whereas the width of the neck of N k decays to as a(2~ k ), where a is a function 
such that 

lim ^1=0. 

s->0 S 

The isoperimetric and isocapacitary functions of M depend on the behavior of a at in a way 
described in the next result (Proposition 7.1). Qualitatively, a faster decay to of the function 
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cr(s) as s — > results in a faster decay to of \m(s) and vm(s), and hence in a manifold M 



with a more irregular geometry. Proposition |7. 1| is a special case of Proposition 7.2 dealing with 
the isocapacitary function vm, p of M for arbitrary p £ [1,2], stated and proved below. We also 
refer to the proof of Proposition 7.2 for a more precise definition of the manifold M. 

Proposition 7.1 Let M be the 2 -dimensional manifold in Figure 2. Assume that a : [0,oo) — >• 
[0, oo) is an increasing function of class A 2 such that 



(7.6) 

for some (3 > 0. 
(i)If 



then 
(7.7) 
(n) If 

then 
(7.8) 



is non-increasing 



a(s) 
Xm(s) 



is non- decreasing, 



a[s 



1/2, 



near 0. 



a(s) 



is non- decreasing, 



v M (s) 



a(s 



1/2 



near 0. 



Owing to equation (7.8), one can derive the following conclusions from Theorems 2.1 and 



2.3, involving the isocapacitary function vm- Assume that 

=3 



(7.9) 



lim — - - 
s-s-o ays) 



0. 



Then any eigenfunction of the Laplacian on M belongs to L q (M) for any q < 00. If (7.9) is 
strengthened to 



(7.10) 



ds < 00 



'0 tr{a) 

then any eigenfunction of the Laplacian on M is in fact bounded. 

Conditions (7.9) and (7.10) are weaker than parallel conditions which are obtained from an 
application of Theorems 2.5 and 2.7 and (7.7), and read 

„2 



(7.11) 

and 

(7.12) 

respectively. For instance, if b > 1 and 

a(s) 



lim —r -r 

s->o ays) 



0, 



ds < 00 . 



for s > 0, 
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then (7.9) and (7.10) amount to b < 3, whereas (7.11) and (7.12) are equivalent to the more 
stringent condition that b < 2. 
Since, by (7.8), vm(s) « s~ , from Examples 



5.2 



and 

q-2 



6.2 



we deduce that there exists a constant 



C = C(q) such that 

\W\\li(m) < C7 9(3 " 6) IMIl 2 (m) 

for every q G (2, co] and for any eigenfunction u of the Laplacian associated with the eigenvalue 
7. The existence of such eigenfunction follows from condition (2.2), as explained in the comments 



following Theorem 2.1 



Proposition 7.2 Let M be the 2 -dimensional manifold in Figure 2. Let 1 < p < 2, and let 

a : [0,oo) — > [0,oo) be an increasing function of class A2. Then there exist a constant C such 
that 



(7.13) 

Assume, in addition, that 
(7.14) 

for some (3 > 0, and 

(7.15) 

Then 
(7.16) 



p-i 



near 0. 



o(s) 

VM,p{s) « 0-(s 1/2 )s 



is non-mcreasmg 



is non- decreasing. 



near 0. 



Note that equation (7.7) of Proposition 7.1 follows from (7.16), owing to property (3.6), 
whereas equation (7.8) agrees with (7.16) for p = 2. 



One step in the proof of Proposition |7.2| makes use of Orlicz spaces. Recall that given a 
non-atomic, <T-finite measure space (JZ, m) and a Young function A, namely a convex function 
from [0,oo) into [0, 00) vanishing at 0, the Orlicz space L A {JV) is the Banach space of those 
real-valued m-measurable functions / on 1Z whose Luxemburg norm 



L A {11) 



inf < A > : 



A 



■R 



JZi 

A 



dm < 1 



is finite. A generalized Holder type inequality in Orlicz spaces tells us that if Ai, i = 1,2,3, are 
Young functions such that A^ 1 (r)A2 1 (r) < CA^ 1 (r), then there exists a constant C such that 

(7-17) \\fg\\L A HTl) ^ C '\\f\\L A iCR)\\9\\L A 2(n) 

for every / G L Al (K) and g G L M {K) [On] . 
Proof of Proposition 7.2| 

Part I. Here we show that, if (7.14) and (7.15) are in force, then there exists a constant C such 
that 



(7.18) 



VM,p( S ) ^ C(J ( S 



1/2n 



p-l 



for s G (0,n n (M)/2). 



36 




Figure 3: An auxiliary submanifold 



We split the proof of (7.18) is steps 



Step 1. Fixed £o > and e G (0, eq), let N £ = Q U P £ U R £ be the auxiliary surface of revolution 
in M 3 depicted in Figure 3. 

Let q = 7^3^ if p < 2, and let q be a sufficiently large number, to be chosen later, if p = 2. 
We shall show that 



(7.19) 



\u\ q <m' 



QVJPe 



V 

5 C 
< — 

£ 



\Vu\ p dH 2 + / \u\PdH 1 



for every u G W 1,P {N £ ), and for some constant C independent of e and u. 

Let (p, i?) G [0, p — e) x [0, 2n] be geodesic coordinates on N £ with respect to the point (0, 0, 1), 
and 

X = 4>(p) cos $ 
y = 4>(p) sin i? 

=*0(/>) 

be a parametrization of iV e for some given smooth functions 4>,ip : [0,p — e] —> [0, oo). In 
particular, 4>'(p) 2 + ^p'(p) 2 = 1 for p G [0, p — e). The functions <f> and ^ are independent of e 
in [0, po] and (up to a translation, of lenght e, in the variable p ) in [p — e, p — ej; on the other 
hand, since P £ is a flat annulus, we have that tp(p) = for p G [po ; P — e] an d that cj) is an affine 
function in the same interval. 
Thus, the metric on M is given by 



ds 2 = dp 2 + (/)(p) 2 d$ 2 



In particular, 



2k 



JO 



p-e 



fHp)dpd$ 
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for any integrable function / on M. Moreover, if u € W 1,P (N £ ) 

(7.20) 
Define 

(7.21) u(0) 



|Vu| = \r' + ^F a - e - inAr - 



So £ Hp)dpJo 



p-e 



u(p, -&)(p(p)dp for a.e. •& £ [0, 2tt] . 



One has that 
(7.22) 



/ 



u 



q dU 2 ] <2 P ~ 1 



J 

JQUP e 



-u\ q dU 2 \ + 



V 



q dU 2 



where u is regarded as a function defined on N e . It is easily verified that the function u — u has 
mean value on Q U P £ . Thus, by a standard Poincare inequality, 



(7.23) 



(/ 



u-u\ q dU 2 <C \Vu\ p dn 2 , 



QUPe 



for some constant C independent of e and u. This is a consequence of the fact that Q is inde- 
pendent of e, and P £ is an open subset of R 2 (an annulus) enjoying the cone property for some 
cone independent of e. 
Next, the following chain holds: 

(7.24) ( [ \u\ q dH 2 ) " = ( j'^ ^ £ ] [ P £ U (r,^(r)dr " <t>(p)dpd#) " 

V J qvjp e J \Jo Jo n <l>(r)dr Jo J 



Jo J V Jo Jo 4>{r)dr Jo 



d$ 



< 



p-e 



\ 9 £ 

4>(p)dp I (2tt) i sup 

/ i?e[0,27r] 



lo £ 0( r )dr Jo 



p-e 



u(r, i9)(fr(r)dr 



+ 



( i r 2n i /^- £ 

7o /,f~ e 0(r)dr 7o 



|u(r, i?) |0(r)cZrdt9 



/ \ 9 r / r 27r i rp- £ 



^(rfdrdiJ 



+ (— f -= — 1 / P |u(r,0)|0(r)drd0 

V2tt 7 f£- e <p(r)dr Jo 



< C 



p-e 



(j)(p)dp 



+ 



1 /" 27r 

2Wo ] P ~ £ 4>(r)d: 



^ / rP-^ ^ / |V«Wr)dr<« 
\J0 Jo <p(r)dr Jo 

/ \u(r,ti)\<p(r)drd& 

(b(r)dr Jo 
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< C 



+ 



< c 



p-e 

1 

p-e 



<j)(p)dp 







max \ (f>\ p f 





P-e \ 1/p \ P 

|V«| p ^(r)dr eft? 



2- 



V Jq £ <p(r)dr Jo 



P-e \ i/p \ p- 

|n(r,??)| p (/)(r)dr ) eft? 



o 



+ 



i 



27r J P £ (f>(r)dr Jo Jo 



max| ( /.|P(27r) p - 1 f 27T r p ~ £ 
Jo~ e 4>( r )dr Jo Jo 

2n fp—e 

|u(r,i?)| p (/>(r)drcft? 



Vu\ p 4>(r)drd$ 



< C 



\Vu\ p dU 2 



QUP e 



2tt rp—e 



JO 



\u{r,d)\ p (f){r)drd^ 



for some constants C and C independent of e and u. Note that a rigorous derivation of the in- 
equality between the leftmost and rightmost sides of (7.24) requires an approximation argument 
of u by smooth functions. Since, for a.e. $ £ [0, 2tt], 



(7.25) 

we have that 
(7.26) 



p-e 



u(p, i?) = u{p — e, $) — / u p (r, $)dr for p G (0, p — e), 



p-e 



Hp, tf)| p < C\u{p - e, i?)| p + C / \u p (r, $)\ p dr for a.e. (p, ■&) 6 (0, p — e) x (0, 2?r) 
for some constant C independent of e and u. Thus, 



(7.27) 

2-7r rp—e 



JO 



< c 

< c 

= C 



\u(p,ti)\ p (t){p)dpdd 



2n rp—e / rp—e 



2tt rp—e 



\u p (r, $)\ p dr)<j)(p)dpdtf + C 

JO \Jp J JO JO 

2tt j-p—e f fp—e \ f2n fji—e 

\Vu(r, $)\ p dr ) <P(p)dpd$ + C 



u(p- e,ti)\ p <f>(p)dpd8 



o Jo 

2ir ffi—e 



JO 



<C[ sup Jo 

. re(0,p-e) 
r-p-e 



X7u(r,$)\ p ^j <P(p)dp)drd$ + C 
J r Hp)dp\ ^ rp-e 



JO 

p-e 

<t>{p)dp 





u(p-e,$)\ p ct){p)dpd$ 

2tt 



\u(p-e,&)\ p d-& 



(0 / Jo Jo 



\Vu(r, $)\ p (j){r)drd$ 



+ C 



Hp) d P 







2?r 



Kp-e,i?)|W 



2tt fp—e 



0((p-p)/2))7 o 7 

c"4^ / |Vu| p d^ 2 + — / \u\ p d% 1 

£ /*Jn s £ JdN £ 



Vu{r,'d)\ p <l){r)drd>Q + C[ / <t>(p)dp 



p-e 



2tt 



|u(p-e,i?)| p di? 



for some constants C, C" and C" independent of e and u. Note that the last inequality holds 
since <j) is increasing in a neighborhood of 0. 
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Inequality follows from ( ggg , ( ggg , ( ggg and ([7727). 

Step 2. Let iV e 5 be the manifold obtained on scaling N e by a factor <5. Thus, N E § is parametrized 
by (x,y,z) = (6<t>(p) cos 1 !?, 6<f)(p) sin#, 6ip(p)). 
Let u 6 W 1 ' p (JV e)5 ). From ( |7.19[ ) we obtain that 

I 



(7.28) 



2p 

5 i 



p 

[ \u\ q dH 2 ) <-(V- 2 f \Vu\ p dH 2 + 5- 1 [ \u\ p dH l \ 



where Q$ and P £: s denote the subsets of N £> $ obtained on scaling Q and P £ , respectively, by a 
factor 5. Now, let A be a Young function whose inverse satisfies 



(7.29) 



A-\5- 2 ) 



sp- 



a{8) 



for 5 > 0. 



Notice that such a function A does exist. Indeed, the function H : (0, oo) — > [0, oo) given by 
H{t) 



- — A — for t > is increasing by (|7.14|), and the function is non-increasing by (|7.15|). 
air*) 1 r 1 r 

Thus, g ^ is a non-decreasing function, and, on taking 



A(t) 



dr for i > 0, 



equation (7.29) holds, inasmuch as A(t) ~ i7 (t) for i > 0. Next, we claim that a Young 
function £J exists whose inverse fulfils 

(7.30) E-Hr)^^! forr>0. 



T vli 



is equivalent to an increasing function F(t) 



To see this, note that the function J(t) 
(for sufficiently large q, depending on /3, if p = 2) by (7.14), and that the function = ^l+i/"] 
is trivially decreasing. Set Ji(t) = ^*p-. Thus, « Ji(t) for r > 0. As a consequence, one 



can show that 



JifF- 1 ^)) ' an i ncreas i n g function. Thus the function E given by 



E(t) 



for t > 0, 



is a Young function, and since « j^f- 1 ^)) ~ -^ _1 (0> one ^ as that ^ ,_1 ( T ) ~ ^ ? ( r ) 

«A T ) = A t vh^ ; wnence (7.30) follows. 

Owing to (7.30), inequality (7.17) ensures that 

(7.31) |||n| p || L A (QiU p £ ^ < C\\\u\ p \\ Lq/p{QsUPss) \\l\\ L E (QsU p £5) 

— n\u.\\P 1 < r7lb/ll p 1 

11 u lli«(g*up e , 4 ) E-\1/U 2 {Q S U P M )) - 11 U| MQ*up m ) E -i(C'/P) 

for some constants C and C" independent of e, (5 and u. Combining ( 7.28 )-( 7.31) yields 

Ca(6) 



(7.32) 



»hi^ )£ ^/ k jv^ + ^)/ sk j»i^ 
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Now, choose 



a(S) 



and obtain from (7.32) 
(7.33) HI' 



L A (Q S UP C 



•CO J 



< 



(7 ( \Vu\ p dH 2 + C5 1 - 13 ( {u^dH 1 



Note also that 
(7.34) 



H 1 (dN t 



a fact that will be tacitly used in what follows. 
Step 3. Choose 5 k = 2~ k for k 6 N, and denote 



Q k = Q Sk , P k = P c 



W< > N - N . 

<5 fe <° k s k '° k 



Define the manifold M in such a way that the distance between the centers of the circumferences 
dN k and dN k+1 equals 2~ k+l . Given u G PF 1,P (M), one has that 



(7.35) 

and 
(7.36) 



\ u \ P \\L A (U k (Q k UP k ) - ^ IIKniL A (Q fc UP fc ) 



/ |Vu| p ^ 2 = V / |Vn| p d^ 2 . 



Now, notice that the manifold M is flat in a neighborhood of UfciV fe . For A; £ N, let us denote 
by 0^ the open set on M bounded by the circumference dN k (having radius <j(5k)) and by the 
boundary of the square on M, with sides parallel to the coordinate axes, whose side-length is 
3a(5k), and whose center agrees with the center of dN k . Hence, in particular, 



(7.37) 

Observe that 
(7.38) 



n 2 (n k ) < 9a(5 k f 



[ \u\ p dU 1 < Ca^y- 1 f \Vu\ p dU 2 + Ca{5 k )- 1 [ \u\ p dV/ 
JdN k Jn k Jn k 



for some constant C independent of k and u. Inequality (7.38) can be derived via a scaling 
argument applied to a standard trace inequality for subsets of W 1 with a Lipschitz boundary. 
Thus, 

(7.39) y"^.~ P / \u\ p dU l 
ken JdNk 

< C Y1 ^^kf- 1 f \Vu\ p dU 2 + C Sl'^Sk)- 1 f \u\ p dU 2 . 

kGN ^ fePN ^ 



Assumption (7.14) ensures that 



lim^=0, 
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and hence, in particular, there exists a constant C such that 

a{8) 



(7.40) 
Consequently, 
(7.41) 



< C if < S < 1. 



E <y fe~ P<7 ( <5 *) p ~ 1 / \Vu\ p dH 2 <cf \Vu\ p dW 
fceN ^ ^ M 



for some constant C. As far as the second addend on the right-hand side of (7.39) is concerned 



if 1 < P < 2 by Holder's inequality and (7.37) one has that 
(7.42) ^"Mfc)- 1 / M^ 2 = / ^Xn fc ^~V(^)-Vl p ^ 



fceN 



lu k n k 



2-P 

2 



sE'foWi"^*)" 1 ) 5 

fcGN 



< c. 

for some constant C independent of k and u. If p = 2, then given a > 1 one similarly has that 



(7.43) E^ 1 ^)" 1 / M 2 ^ 2 ^ 



fceN 



Utf2t 



1 ^,sn2-a' 



— d<J 



Thanks to fl7~14l ), /J (25 < oo if 1 < p < 2, and /J a( s f + J d6 < oo if p = 2, provided that 

a is sufficiently large. 

On the other hand, by our choice of 5k and of the distance between the centers of dN k and 
dN k+l , any regular neighborhood of UkdN k in M, containing Ufcfifc, is a planar domain having 
the cone property. Hence, by the Sobolev inequality, if 1 < p < 2 



and, if p = 2, 



2-p 

/ \u\^>dU 2 ) <C f (\Vu\ p + \u\ p )dU 2 . 



\u\ 2a dU 2 ) <C (\Vu\ 2 + \u\ 2 )dH 2 

for some constant C independent of u. Altogether, we infer that there exists a constant C such 
that 

(7.44) E^^r 1 / \u\ p dn 1 <C[ f \Vu\ p dx+ [ \u\ p dx). 



Combining (7.33), (7.35), (|7.36|) and (|7.44|) tells us that there exists a constant C such that 
(7.45) HI 



L^(U fc (Q fc UP fc )) - C {W Vu Wlp(M) + ||«||LP(Af)) 
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for every u E W 1 ' P (M). 

Step 4. Denote by Rcr(s) x the manifold obtained on scaling R a {s) by the factor 5. We shall show 
that inequality (7.45) continues to hold if Uk(Q k U is replaced by UkR k , where 



R = R c 



Let pi, i = 1, . . . , m, be such that pi=p — e, p m = p — e, the difference pj+i — pi is independent 
of i for i = 1, . . . , m — 1, and 



(7.46) 
Let 

Define 

We have that 
(7.47) 



-, ^ Pi+l - Pi ^ 9 



for i = 1, . . . , m — 1. 



i?| = {(p, i?) E s : Pi < p < p t+ i} 



for i = 1 , . . . , m — 1. 



1 f 

u(p) = — / u(p, i9)(i^ for a.e. p E (p — e, p — e) 

+ 2 p - 1 \\\u\P 



Wn L A {Ra(6 . ) <2^\\\ U -u\ p 



where u is regarded as a function defined on i? CT (<5) 5 , and A is the Young function introduced in 



Step 2. Furthermore, 
(7.48) 



m— 1 

i« - £rii^ (jR(rW p < J2 ni«- u\ p \\ l a {ri) . 

6 i=l 



The mean value of u — u over each R l & is 0. The manifolds • • • , i?™ 2 agree, up to translations, 
with the same cylinder. The manifolds R\ and R™~ 1 also coincide, up to isometries. Moreover, 



owing to assumption (7.46). An analogous scaling argument as in the proof of Step 2 tells us 

a(5)P~ 2 



(7.49) 

for some constant C. Next, since 
Hp)\ p < C (\u(p-sW + 



u -u\ p \\ L A {R i s) < C 



IVwIr 

A- 1 (Ca(6)- 2 ) 11 ll L?(Ri) ' 



p-e \ P 

\u (r)\dr 

p-e 



for a.e. p E (p — e, p — e), 
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one has that 
(7-50) HNl^ c) 



,s 

<C \u(p-e)\ p \\l\\ L A {R 
Co 



p— e y /"2 71 " 
p-e 2?r JO 



u p (p, d^dfldp I 



< 



< 



A- 1 (l/n 2 (R^s 1 J) 
<5 >° 

Co 

^(l/H 2 (^ (i )J 



n(p- £ )|P + C 



p-£ ^ 

p-e 27r JO 



2tt 



|n(p- £ )P 



+ — 



Co 



< 



< 



mm pe( p_ £>/3 „ e) 0(p)P 
Co 



p-e 
p-e 27r JO 



2tt 



«(p- £ )r+ 



Ci 



<t((5)p 



\Vu\du- 



(S) 



Co 



— yc\u(p - e)\ p H — j^—Ti (R 



Cl ^,2^0 \P-l||r7„||P 



lllll^(fi t 



Ml J 



< 



c 2 



A-i(c 3 /(M^)))V^W Jon 



, „,, v'' C2(J p - 1 <T((J)P- 1 , „ 



< 



C / 

a(S)A-HC s /(Sa(S))) J dN g + a(^-i(C 8 /(fc(«))) 11 v ""W^J 



■\\Vu\\ 



for suitable constants Ci, i = 0, . . . , 4. Here, we have made use of the fact that 

% 2 {Rm6) J « <&7($) . 



An approximation argument for w by smooth functions is also required. Owing to (7.40), for any 
C > 0, there exists a constant C" > such that 



(7.51) 



a(5) 



p-2 



< 



A-^C/aiSf) ~ a (5) A- 1 (C/ (5a (5))) 



Thus, from ( 7.47 )-( 7.51 ) one deduces that there exists a constant C > such that 



(7-52) \\\un LA(R , 5) , 



< 



C 



a(5)A-\C/{5a{5))) J dN 



\u\ p dH l + 



<r(6) 



C5 p ~ l 
a(5)A-\C/(6a(6))) 



R 



Consequently, 
(7.53) 

IIMll/4(U feJ R fc ) < \W u \ P Wl a (RK) 



ken 
C 



a(5 k )A^(C/(5 k a(5 k ))) J dN k 



[ \u\PdU 1 + V 

JdN " ken 



C5j- 1 

a{5 k )A-\C/{8 k a{6 k ))) J R u 



\Vu\ p dW 
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By (7.40) and (7.29), 



cP-l 



(7.54) 



a(^)A-i(c/(4a(4))) - a^M-Hcy/a*) - c '"' 



for some positive constants C and C". Thus, 

(7-55) \\\u\ p \\ L A {UkRk) < E / l^r^ 1 + C W Vu \ 



fceN u fc 



p 

LP(U k R k ) 



for some constant C. Hence, since u(6 k ) is bounded for k S Z, we deduce from (7.44) that 

IIHl^(U fc i?fc) ^ C (H Vu ll^(M) + ||«||iP(Jlf))- 



(7.56) 



Step 5. A variant of |Ma7} Theorem 2.3.2], with analogous proof, tells us that given a (2- 
dimensional) Riemannian manifold Z with 7i 2 (Z) < oo, and a Young function B, the inequality 



(7.57) 



M P ||£B (Z) < C(\\Vu\\ LP{z) + ||-u|| L p (z) ) 



holds for some constant C and for every u £ W 1,P (Z) if and only if 

1 



(7.58) 



B-Hl/a) 



<C'vzA s ) for sG (0,^ 2 (Z)/2), 



for some constant C. In Step 3 we have observed that a regular neighbourhood of U k dN k is 
a planar domain fulfilling the cone property. Hence, the standard Sobolev inequality holds on 
M\(U k N k ), and, consequently, ( |7.58[ ) holds with Z = M\(U k N k ) and B(t) = t^p if 1 < p < 2, 
and with B(t) = t a for any a > 1 if p = 2. Thus, since the right-hand side of (7.30) is equivalent 
to a non-decreasing function, inequality (7.58) also holds with B = A. Hence, there exists a 
constant C such that 



(7.59) 



\u\- 



|i/p 

lL^(Af\(U fe JV*)) 



< CfllVul 



LP(M\(U k N k )) 



+ U 



LP(M\{U k N h ))) 



for u 6 PF 1,33 (M). Combining ( [715] , gJ56| ) and ( ggg tells us that 
(7-60) \\\ u \ P W l LA {M) < C{\\Vu\\ LP(M) + \\u\\ LP(M) ) 

for some constant C and for every u G VF 1,P (M). Hence, 



(7-61) 



<CWp(s) forsG (0,*H 2 (M)/2) 



and ( |7.18D follows, owing to fl7.29| ). 

Part II. Here we show that, if p > 1 and <r is non-decreasing and is of class A2 near 0, then 
inequality (7.13) holds. Consider the sequence of condensers (Q k U P k ,N k ). Let {u k } be the 
sequence of Lipschitz continuous functions given by u k = 1 in Q k U P k , u k = in M \ N k and 
such that u k depends only on p and is a linear function of p in R k . For k S N, we have that 



(7.62) 



n 2 (Q k UP k ) xsSi, 
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and 
(7.63) 



Jm 



p dH 2 



n\R k ) a{8 k ) 



Thus, there exist constants C and C such that 



(7.64) 



vmA c H) <C p (Q k UP\N«) < 



k Aik\ / C'a(5 k ) 



It is easily seen that (7.64) continues to hold with 8^ replaced by any s G (0, 7i n (M)/2). Hence 
( 7131 ) follows. 

The proof is complete. □ 
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